Abstract
Introduction
The Motorised Momentum Exchange Tether or MMET was first proposed by Cartmell in 1996 and a summary of the model was published in 1998 [1] . The MMET is a symmetrical system with motorised spin-up operating against a counter inertia.
The inclusion of a motor, assumed to be powered by electricity from a solar panel or a fuel cell, provides an opportunity for generating additional velocity change. A tether should be modelled to the level of accuracy required for the specific objectives to be achieved, so that the necessary analysis can then be developed. A simple model reduces the complexity of the problem, but potentially introduces a lack of accuracy since important phenomena may not be taken into account. The simplest model describing rigid body motion is based on a massless rigid rod in which bending and stretching are negligible [2, 3, 4] . Previous studies by Modi et al. [5] , Puig-Suari and Longuski [6] , and Ziegler and Cartmell [7] have all been based on the assumption that the tether is a massive rigid rod. The benefit of including the tetherÕs mass is to generate more accurate mission data for quantitative analysis. Fujii and Ishijima [8] enhanced the tether rigid body model into the form of an extensible, massless rod in order to include the effect of the first longitudinal stretch mode to the system. In [9] , He et al. disregarded the flexibility and elasticity of the tether and have modelled it as uniform in mass in order to study the stability of the tether in depth. The stability study was used as an input for range rate control for tether deployment and retrieval.
The dumbbell tether model has also been used in the recent study of tether control by I-arrea et al. [10] on the stabilisation of an electrodynamics tether in an elliptic inclined orbit. A three mass-tethered satellite model consisting of two end bodies and a climber was used in [11] and [12] . In the study of a multi-tethered satellite formation system Cai et al. [13] used a massless tether connected together with point masses, and Razzaghi et al. [14] modelled the system as three masses connected by a straight, uniform and inelastic tether with the inclusion of the J2 perturbation and aerodynamic drag.
The next category is represented by a sequence of elements which allows some form of flexibility in the model where [15, 16, 17] studied a lumped mass model connected by massless springs. A bead model was used by Avanzini and Fedi [18] for massive a tether in modelling a multi-tethered satellite formation. A one-dimensional discreet tether modelled by Kunugi et al. [19] included torsional and bending vibration to investigate the used of smart film sensors in a tape tether. Biswell et al. [20] used a different model to demonstrate flexible behaviour for aerobraking tethers.
The tether is modelled as hinged rigid bodies which are connected with massless springs and dampers in order to be able to model precisely the aerodynamics and gravitational forces, and the moment, with a limited number of elements which, in turn, give a reduction in the computational cost. Two examples of motion, the swinging of a cable and the plane motion of a space vehicle with a deploying tether system on orbit, have been studied to verify the mathematical model and computer code, and also to estimate the accuracy of calculation [17] . Cartmell and McKenzie [21] remarked on the important point made by Danilin et al. [17] that tether element forces cannot be compressive, so the numerical solution algorithm has to accommodate this. Netzer and Kane [22] and Kumar [23] confirmed that the more elements that are used, the more closely it will represent a continuous system. In fact, Kim and Vadali [24] showed that the bead model has the advantage of capturing most of the phenomena of the problem in comparison with the more computationally expensive continuum model.
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The other category for tether modelling is the continuous massive tether. Such a model can be elastic or inextensible. This approach is in general considered to be a way to model the tether, and is found in most of the nonlinear literature [25, 26, 27] .
French et al. [28] have shown that the effect of adding tether mass and elasticity in their continuum tether model did not make a significant impact on the performance of an asteroid mitigation system. The recent study of Lee et al. [29] included a reeling mechanism in their high fidelity model of two rigid bodies connected by an elastic tether. The reeling mechanism captured the coupling interaction between the tether reeling and rotational dynamics.
The modelling strategy for the MMET, to date, has also been to use rigid body modelling in order to keep the resulting analytical models as tractable as possible.
This was founded on the fair and reasonable justification that centripetal stiffening eliminates some of the flexural response, and that much of the ensuing behaviour will therefore be similar to that of a rigid body. Three dimensional rigid body tether models were derived by Ziegler and Cartmell [7] and Ziegler [30] to explain successfully many of the fundamental motions possible for a motorised momentum exchange tether. Zukovic et al. [31] used essentially the same type of model to study the dynamics of a parametrically excited planar tether. However, the previous modelling strategies [1, 7, 30, 31] discounted the flexural characteristics of the tether sub-spans, and so some important phenomena could not be captured because of this.
A further development, by Chen and Cartmell [32] which has been using the spring mass model for the MMET, has shown that incorporating limited flexibility, in the form of an axial stretch coordinate, uncovers significant axial oscillations, with obvious relevance to payload release and capture scenarios. Ismail and Cartmell [33] studied a continuous two dimensional flexible model of the MMET, and this current study presents a three dimensional model of a flexible MMET in order to investigate the dynamics of a tether that may not otherwise be captured by a rigid body model. The elastic displacements u, v and w are functions dependent both on space and time and can be separated as follows, with recourse to the Bubnov-Galerkin [34] method,
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where the ϕ(x), ξ(x) and β(x) are spatial linear mode shape functions and q 1 (t), q 2 (t), and q 3 (t), are time dependent modal coordinates. Assuming that the payload and central facility are so massive that the tether sub-spans experience them as being equivalent to built-in ends then the mode shape functions are given by,
This approach for the boundary conditions is echoed in the work of Luo et al. [35] , where the same assumption of fixed end boundary conditions is used to get the mode shape functions, thereby simplifying the derivation of the equations of motion for a stretched spinning tether.
The local position of a point mass P, in Figure 2 is transformed to inertial coordinates by rotating and translating the position vector. The position of the central facility Mm, is translated through distance R, then rotated through angle θ, as in Figure 2 . The system is further rotated about the Z 0 axis through angle ψ. Finally, the system is rotated about the Y 2 axis through angle α to give a basis for the full nonplanar motion of the MMET. These rotations can be stated in a rotation matrix denoted by R n,k where n refers to the axis of rotation, and k is the rotation angle.
Therefore the complete rotation matrix from local coordinates to the inertial coordinates is defined as,
Cartesian Components
The initial coordinates of the payloads and central facility with respect to the local origin are given by, 
It should be noted that the arguments denoting the dependency of u, v, w on x and t have been dropped in the equations above, purely for notational clarity and simplicity.
Energy Expressions
The Kinetic energy for translational motion of the three dimensional system can be stated as follows, and the rotational kinetic energy is for the system is, 
The total kinetic energy for this flexible model of the tether is given by the summation of equation (9) and equation (10) . Ziegler and Cartmell [7] considered the principal potential energy for the system to consist of gravitational energy. In this flexible model, the tether has additional potential energy due to elasticity derived from considering the strains which are introduced.
Therefore, the total potential energy can be stated as follows, 2  2  2  2  2  2  2  2  2  4   0   2  2  2  2  2  2  2  2  2 where T o is the tension when the tether is in the nominal configuration. This comes from centripetal effects in the rotating tether. Therefore the nominal tension T o is given by,
N is a counter for the number of discrete tether mass elements needed to approximate the continuum model and also to overcome a numerical singularity at ψ = π. Ziegler [30] showed that in general N = 10 to 15 is a sufficiently fine discretisation for accurate representation of the potential energy of the sub-span. 
Equations of Motion
From this point the equations of motions can be derived using LagrangeÕs equations in the common undamped form as follows,
A damped motorised tether was previously studied by Gandara [36] , where the damping in the system was considered to be due to imperfect bearings in the motor and transmission, and so general frictional heat dissipation was included in the derivation of the equations of motion. The presence of damping based on this reasonable assumption was not found to have much qualitative effect on the results that were obtained, but slowed the computations down very considerably. So, in this current study, given that the flexibility of the tether has already introduced a great complexity into the system, damping is excluded in order to retain some 
where the first four refer to the rotational motion and the rest define translations of the system. The generalised forces given by Ziegler [30] are used here in identical form because the three dimensionality of that model is essentially preserved,
The motor torque τ is applied to spin up the tether so that it can be forced to reach the desired angular velocity before release of the payload. Code written in the Mathematica TM software was used for deriving and integrating the equations of motion, together with the application of the equation solver NDSolve to find a numerical solution to these ordinary differential equations.
Tether simulation
Four operating conditions have been considered in this study of the tetherÕs motion on orbit. The conditions are as follows, i. Circular orbit, unmotorised (no torque is applied to the system). Therefore only the initial conditions are driving this version of the model.
ii. Circular orbit, motorised. A torque is applied and the effect of this dominates the motion of the system.
iii. Elliptical orbit, unmotorised (no torque is applied to the system). Once again, only the initial conditions are driving this version of the model.
iv. Elliptical orbit, motorised. A torque is applied once more and then this dominates the motion of the system.
In each condition the results for simulation of the flexible tether motion when on orbit are compared with those of the rigid body model of Ziegler and Cartmell [7] .
The performance of both models was compared in order to find structural differences in the response over chosen integration times.
Unless stated otherwise all the results were generated using the following established data [1] , [7] , [30] , [33] 
Circular Orbit
Simulations for the tether on a circular orbit are carried out using following However, a significant difference between both models is shown for non-planar motion, in Figure 3 (c) , where the flexible model oscillates at a lower frequency and reaches higher peak amplitudes as compared to those of the rigid body model.
With the application of 2.5 MNm torque, both models reach the spin-up condition, and in Figure 4 the rigid body model shows a higher rate of planar motion as compared to that of the flexible system, as shown in Figure 4 (a) and (b). As in the untorqued condition, a significant difference is evident in the non-planar motion for both models in Figure 3 The longitudinal displacement in Figure 5 (b) appears to show an unbounded exponential growth as compared with the transverse vibration .This phenomenon only occurs when torque is applied to the tether. It can be explained by taking the relationship between the force and the strain for a uniform cross section of a string,
where ε x is the axial strain and defined by the axial displacement du/dx. In the case of a spinning tether the source of the force comes from the centripetal force. Therefore, by substituting the displacement in the axial direction into equation (16) the relationship between the force and the displacement is given as follows,
Therefore, when the torque is applied, the centripetal force is increased and for a constant E and tether cross section A, the displacement is increased too.
Elliptical orbit
Simulations were carried out for an elliptical orbit with the following orbital elements, 
The result is shown in Figure 6 , with the angular displacements of both tethers being almost identical for the first orbit but then the rigid body model lags behind the flexible model until the sixth orbit. The differences in the angular displacement between both models are clearly shown in Figure 6 (b), where the differences are increasing within the integration time. In comparison to the responses for the tether with an applied torque, as shown in that a generally very small difference occurs between these two models. This suggests that the flexibility of the tether will make a small alteration to a tetherÕs orbit. The three dimensional displacement for a tether on an elliptical orbit is shown in 
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The local displacement of the tether, Figure 10 , shows that both models are displaying the same trend, where the longitudinal displacement is increasing and the transverse displacement is decaying, due to the reason explained in section 6.1, with an increase in simulation time as required by the inclusion of the stiffening effect caused by the centripetal force. 
Equations of Motions for Dynamical System Analysis
Ziegler [7] transformed the equations of motion of an MMET by expressing the dependent variables as a function of the orbital true anomaly, on the assumption that the tether remains in a Keplerian orbit. This transformation method has been applied to this new flexible model of the MMET. Based on that the derived equations of motion for the in-plane angle of the two dimensional flexible model in [33] , and the axial and transverse displacements with respect to the true anomaly, are given as, 
These equations of motion, given in terms of the true anomaly, are used for further dynamical analysis of the two dimensional flexible tether in the next section.
Transition from Regular to Chaotic Motion for Two

Dimensional Flexible Tether
Dynamical systems sometimes enter regions of apparently irregular behaviour, making predictions of their future dynamics extremely difficult, particularly if the system appears to have been sensitive to the initial conditions. In this study, the initial conditions have the potential to influence the motion of the tether in ψ, and also in α for the three dimensional case. A change in these initial conditions can lead to irregularities in the trajectories in those variables and these are seen when they are depicted in a bifurcation diagram or on a PoincarŽ map. Chaotic behaviour has been evident in previous models of the motorised tether [7, 30] and in such cases modifications to various tether parameters can potentially be used to control the motion of the system [37] . Figure 11 shows the motion of a flexible tether entering the chaotic region for orbit eccentricities greater than 0.28. This is indicated by the dispersed points for e > 0.28. The region between 0 < e < 0.3 has been magnified in Figure 12 and shows periodic windows and bands of points that represent the behaviour of the system both in regular and chaotic motion. In Figure 12 Both figures basically agree with the finding by Karasopoulos and Richardson [38] , Fujii and Ichiki [39] and Ziegler [30] , where Fujii and Ichiki [39] found that chaotic motion occurred approximately at e > 0.280 for an elastic tether with a longitudinal flexibility of 104 N/m, and Karasopoulos and Richardson [38] and Ziegler [30] showed that the rigid body tether should start to spin up at e > 0.314. The initial state of the bifurcation diagram for the rigid body tether is a period one per orbit, but on sampling the point at e = 0 for the flexible model the PoincarŽ map in Figure 14 shows that the flexible model does not display period one motion, but suggests that the motion has crossed the zero point for quite a number of orbits. Then, on sampling the specific point at e = 0.05 for 200 orbits, as in Figure 17 , it is shown that the motion is stable and periodic. Motion of period 5 appears for e = 0.26 for the flexible tether, as shown in Figure 18 for the sample of points over 30 orbits. By integrating equations (18) and (19) for a longer period Figure 19 shows the same phenomenon as seen in Figure 16 , in which the tetherÕs position is drifting quasi-periodically. Therefore, it is suggested here that the lower sampling period may well mislead the prediction of tether motion in the longer term. When integrating the equations of motion for the rigid body tether with a similar eccentricity and initial conditions, the rigid body tether shows different dynamic conditions when integrated over 150 orbits. Quasi-periodic motion has appeared, depicted by the closed curve seen in the PoincarŽ map in Figure 20 , and it is shown here that the flexibility of the tether is strongly influencing the tetherÕs global motion. The points at which the tether commences to visit all regions reduce from e = 0.28 to e = 0.11 and it can be seen that the initial angular velocity has a significant influence on the start of the chaotic motion. In comparison between the flexible and rigid body models, the region of chaos starts at e = 0.14 for the rigid body tether. Consequently, the flexibility of the tether is seen, in addition to the eccentricity and initial conditions, to have an influence on the onset of chaos. for this is given in Figure 23 . In general, the bifurcation diagram in Figure 23 is seen to have a rather similar shape to that of Figure 21 . However, the difference can be seen from the region where the chaos just starts to begin at approximately e ≈ 0.12.
The diagram shows the points in Figure 21 and 23 dispersed in different trajectories when entering the chaotic region. Figure 24 sampling the points with the same eccentricity to show the difference motion between the different initial conditions.
Route to Chaos for a Three Dimensional Flexible
Tether.
The non-planar motion is more computationally complex still and longer computing times are required. Therefore the dynamical analysis for the three dimensional model of the flexible tether is limited to the route to chaos. Figure 25 shows In comparison with the three dimensional motion of the rigid tether, Figure 26 samples 
Conclusions
This study of a three dimensional model for a motorised momentum exchange tether has compared the response of the rigid body model with a flexible model. This comparative study between the three dimensional flexible model and the former rigid body models shows that the flexible model demonstrates a generally lower magnitude of response compared with that of the rigid body model. The application of torque increases the longitudinal displacement, but the transverse displacement shows a decaying phenomenon due to the stiffening effect of the rotating tether. This study also shows that a relationship between the planar and non-planar motions is found to be significant for the global motion of the tether, and dynamical analysis for two dimensional model has shown that the tetherÕs flexibility has a significant effect on the its motion. The eccentricity and initial conditions are both found to influence the onset of chaos. However, non-zero initial conditions for the longitudinal and transverse displacements were not shown to have significant influence on the route to chaotic motion. Finally, in the analysis for three dimensional model, it also proved that the flexibility gives significant effect on the dynamics of the tether.
Appendix B. Summary of Derivation for
Generalized Force.
Based on Figure 27 , a summary of the derivation performed by Ziegler [21] for equation (15) 
